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1. Notation, operator P,

Notation. e The outer normal vector to 0f2 is denoted by n.
e Vector functions and spaces of vector functions are denoted by boldface letters.

o C3,(€2) denotes the linear space of infinitely differentiable divergence-free vector
functions in €2, with a compact support in §2.

o L2(9) is the closure of C,(€2) in L*(12).

o Wi, () := L2 () N Wy (Q)

e The norm in L9(f2) and in L%((Q) is denoted by || . ||,- The norm in W*¢(Q) and in
WHa(Q) (for k € N) is denoted by || . ||1.4-
If the considered domain differs from €2 then we use e.g. the notation || . ||, o, etc.
The scalar product in L?(€2) and in L2(€2) is denoted by ( ., . )3 and the scalar product
in W12(Q) and in W2(Q) is denoted by (., . )1.0.

e The duality between elements of W *(€2) and W*(Q) is denoted by (., . )¢ and the
duality between elements of W, “2(Q2) and Wég(Q) is denoted by (., . )y,

ag



L*(2) and L2(2) as subspaces of W "*(©2) and W .*(Q2). The Lebesgue space L2((2)
can be identified with a subspace of W () so that if f € L2(Q) then

(f,w)y = /Qf wdx  forallw € W,%(Q). (1)
Similarly, L2(€2) can be identified with a subspace of W () so thatif f € L2(2) then
(f, W), = /Q f-wdx  forallw e Wy (Q). 2)

Note that L*(2) cannot be identified with a subspace of W/, L2(Q).

Operator P,. Wéi(Q) is a closed subspace of W,”(Q). If f € W, "*(Q) (i.e. f is
a bounded linear functional on W(l)’2(Q)) then we denote by P,f the restriction of f to
Wéfr(Q) Thus, P,f is an element of W 12(Q), defined by the equation

(P, w)oo == (£, W) for all w € WéZ(Q)

Obviously, P, is a linear operator from W, () to W, 12(Q), whose domain is the
whole space W, ().



Lemma 1. Operator P, is bounded, its range is W, L2(Q) and P, is not I-1.

Proof. 1) The proof of the boundedness of P, is a simple exercise: letf € W, 1’Q(Q).
Then

P.f, - f,
|1 Pofl|-12:6 = sup I W)o0,0| _ sup (£, w)ol
wewiz@):wro Wl wew!2(@): wro Wl
f.w
< sup [ who| _ I£])-12-

WGW(I)’Q(Q); w#0 ”WH 1,2

2) Letg € Wo_, ;Q(Q) There exists (by the Hahn-Banach theorem) an extension of g
from Wéi(ﬂ) to W?(Q), which we denote by g.. The extension is an element of
W, "(Q), satisfying [|gest| 12 = [|g]| 12+ and

(Zext; W)o = (8, W)oe forallw € Wéi(Q)

This shows that g = P, (gext). Consequently, W, 12(Q) = R(P,).



3) Finally, taking f = Vg for g € C{°(£2), we get
(Pot,w)oo = (£, W) = /Vq-wdx =0
0

for all w € Wég(ﬂ) This shows that the operator P, is not one-to-one.

The relation between the Helmholtz projection P, and operator P,. Let g € L?(1).
Treating g as an element of W, *(Q), we have

(Prg, Whoo = (8, W)o forall w € Wég(Q)
Writing g = P,g + (),g, we also get
(g, W)y = <ng + Qag,w>0 = <ng, W>0 = <P0.g, W>0,U for all w € Wéi(Q)
(The last equality follows from formulas (1) and (2).) Consequently,
(Pog, W)oo = (Pog, W),  forallw € Wy2(Q).

Hence P,g and F,g represent the same element of W 12(Q). As P,g € L2(Q), P,g
can also be considered to be an element of L2(2). In this sense, we observe that the
Helmholtz projection P, coincides with the restriction of P, to L*(Q).



An explicit expression of P,,.
It is proven in [8] that P, = S5 1'Q,, where

Sy WO_}TQ(Q) — W, Q) ’Wég (+ is amapping, defined by the formula
Sa(g) = gext + Wy ()T forg e Wy *(Q).

Zext - - - an extension of the functional g (acting on Wéi(@) to a functional (acting on

W(l)’Q(Q). (The extension exists due to the Hahn—Banach theorem.) One can show that
S»(g) is independent of a concrete choice of the extension gext.

Ss is an isometric isomorphism of WO_},2(Q) onto Wal’Q(Q) ‘Wé,z(Q)L, see [8].

Qy : W, (Q) = W, 1’2(Q)IW8,2 )+ 18 the so called quotient mapping, defined by the

formula
Q(f) == f+ W () forf e W)



2. The Navier-Stokes initial-boundary value problem and its weak formulation

Recall that  is a domain in R®, T > 0. We denote Q7 := Q x (0,T) and I'y :=
002 x (0,7T).

A classical form of the Navier-Stokes IBVP. The Navier-Stokes IBVP (i.e. initial—-
boundary value problem) is given by the equations

Jou+u-Vu+Vp = vAu+f in Qr, (3)
divua = 0 in Qr, 4)

the boundary condition
u=2~0 onl'p (5)

and the initial condition
u = u in 2 x {0}. (6)

The unknowns are u (velocity) and p (pressure). Function f represents an external body
force and v is the kinematic coefficient of viscosity. It is supposed to be a positive con-
stant.



A priori estimates. Assume that u is a solution of the problem (3)—(6), as smooth as we
need. Multiply equation (6) by u and integrate in 2. We get:

1 1 1 d
8u-udX:/6—u-u dX:—/f? u2dX:——/u2dx,

1
u-Vu-udx = / Uj (@uz) U; dx = / Uy 8j (— ulul) dx
Q 0 2

1
= —/(@uj)—uiui dx = 0,
Q0 2

Vp-udx = /(&-p)ui dx = —/p((?iui) dx = /pdivudx = 0,
Q Q

Q

/Au-udx = /(&ﬁkui)ui dx = —/(8kui) (Opu;) d /|Vu|2 dx.
Q Q Q

Hence we obtain
2 2
u dx+u/ vul? dx = /f-udx. (7)
2 dt/’ | | | Q



Assume, for simplicity, that domain (2 is bounded. In this case, the norms || . ||; 2 and
|V. ||2 are equivalent in Wég(Q)

Treating the right hand side as the duality (f, u)o, we can estimate it:

2
14 C
(£u)y < lfllazlialie < ellflolValls < 2Vl + 2 (112

Substituting this to (7), we get

1d v c
3 3 @I+ 5 1vu@lf < SR,
2 : 2 d [ 2 i [t 2
fa@l +v [ IVa@Bar < $ [, ar < DR, dr = o
0 v-Jo v-Jo

This implies: lu(®)|l. < VM forallt e (0,7), (8)
T
| Ivanigar < ©)
0

These inequalities indicate which are the reasonable spaces for a weak solution:
uec L>(0,T; L:(Q)) (from (8)) and u € L*(0, T} W(l)i(Q)) (from (9)).



The 1st weak formulation of the Navier-Stokes IBVP (3)-(6).

Given uy € L2(Q) and f € L2(0,T; W, "*(Q)). A function u € L>®(0,T; L2(Q)) N
L*(0,T; Wéi(Q)) is said to be a weak solution to the problem (3)—(6) if

T
//[—u-8t¢+qu:V¢+u-Vu-¢}dth
0 9] T
— [ sex0) axs [ (Eo)ar (10)
Q 0

forall ¢ € C>=([0,T7; Wég(Q)) such that ¢(T) = 0.

Equation (10) follows from (3)—(6) if one formally multiplies equation (3) by the test
function ¢, applies the integration by parts and uses the boundary condition (5) and the
initial condition (6).

As the integral of Vp - ¢ vanishes, the pressure p does not explicitly appear in (10).
However, one can show that a certain pressure (at least as a distribution) can always be
assigned to every weak solution. (See the section on the associated pressure.)



The 2nd weak formulation of the Navier—Stokes IBVP (3)—(6).

We define the operators A : W*(Q) — W, *(Q) and B : [Wé’2(Q)]2 — W, *(Q) by
the equations

(Av,z), = / Vv :Vzdx for v,z € W,*(9),
0

(B(v,w),z), = /QV -Vw -z dx for v, w,z € W;>(9).

Operator A is bounded and 1-1. It is related to operator A,, introduced in Lecture 2,
through the formula A, = P,.A.

The bilinear operator B satisfies

B
IB(v, w)||-12 = sup [(B(v,w),z)q]
zeW % (Q), 2740 HZH1,2
1/2 1/2
oy 6wl I I Wl el
2eW;%(Q), 20 |z]]1.2 zeW 2 (Q), 240 |1Z|1.2

1/2 1/2
< c|lv]y* Vvl [V wlla. (11)



Let u be a weak solution of the IBVP (3)—(6) in the sense of the 1st definition. It follows
from the boundedness of A from Wéi(ﬂ) to Wy 12(Q) and estimates (11) that

Au e L*0,T; W, '?(Q)) and B(u,u) € LY3(0,T; W, Q). (12)

Considering ¢ in (10) in the form ¢(x,t) = w(x) J(t) where w € Wéi(Q) and V) €
C°((0,T)), we deduce that u satisfies the equation

% (u,w)y + v <.Au,w>0 + (B(u, u), W>O = (f,w)g a.e.in (0,7, (13)

where the derivative of (u, ), means the derivative in the sense of distributions.

It follows from (12) that (Au,w)y € L?(0,T) and (B(u,u),w), € L*3(0,T). Since
(f,w)o € L*(0,T), we obtain from (13) that

d
3 (W W) (the distributional derivative) € LY3(0,7).
Hence (u, w), is a.e. in [0, 7") equal to a continuous function and the weak solution u is

(after a possible redefinition on a set of measure zero) a weakly continuous function from
0,7) to L2(92).



Now, we deduce that u satisfies the initial condition (6) in this sense:

(u, w)a|,_, = (19, w)s (14)
for all w € Wy (Q).
We come to the 2nd weak formulation of the IBVP (3)—(6):

Given uy € L2(Q) and f € L*0,T; W, '*(Q)). Find u € L®(0,T; L()) N
L*(0,T; Wéi(Q)) called the weak solution, such that u satisfies the equation

d
a (u’ W)2 —+ v <.A11, W>O + <B(11, u)’ W>

and the initial condition

, = (f,w)o a.e. in (0,7T) (10)

(u, w)a|,_, = (19, W)y (11)

forallw € Wéi(Q)

We have shown that if u is a weak solution of the IBVP (3)—(6) in the sense of the 1st
definition then it also satisfies the 2nd definition.



One can also show the opposite, 1.e. if u satisfies the 2nd definition then it also satisfies
the 1st definition.

For that purpose, it is sufficient to take into account that any test function ¢ in (10)
can be approximated with an arbitrarily small error (measured in the norm of C'! ([O, Ty

Wég(Q))) by a finite linear combination of functions of the type
w(x)9(t),

where w € W(l)g(Q) and ¥ € C>([0,7]), 9(T) = 0, and that each such pair w, ¢
satisfies the equation

/0 [—(u, w)2 ' (t) + v (Au, W) I(t) + (B(u,u), w)o 9(t)] dt

= (uO,W)2§(0)+A <f,W>()19(t) dt,

which follows from (13).



An important lemma. Before we proceed with another weak formulation of the IBVP
(3)-(6), we present a lemma, which coincides with Lemma III.1.1 in [10]:

Lemma 2. Let X be a Banach space with the dual X*, (., .) be the duality between
X*and X, —0o < a < b < oo andu, g € L'(a,b; X). Then the following three
conditions are equivalent:

1) uisa.e. in (a,b) equal to a primitive function of g, which means that

u(t) = .ﬁ—i—/t (s)ds forsome & € X and a.a. t € (a,b),
b
2) / Pt / o) g(t) At forall 9 € C((a.b),

3) — <17, u) = (n,g) in the sense of distributions in (a,b) for eachm € X*.

If the conditions 1) — 3) are fulfilled then u is a.e. in (a,b) equal to a continuous
function from [a, b] to X.




Note that if functions u and g are related as in item 2) then g is called the distributional
derivative of u with respect to ¢ and it is usually denoted by u’.

The 3rd weak formulation of the Navier-Stokes IBVP (3)—-(6).
Equation (13) can also be written in the equivalent form

d
T (u,w)s + v (Ayu, W>O7J + (P, B(u,u), w>070 = (P.f, w>0,0. (15)

Let us denote by (u'), the distributional derivative with respect to ¢ of u, as a function
from (0,7) to Wo_iz(Q)
Applying Lemma 2 (with X = W (1,2(Q) and X* = W(l)f,(Q)), we deduce that equation
(15) is equivalent to

(u)y + vA,u+ P,B(u,u) = P,f, (16)
which is an equation in W, 12(Q), satisfied a.e. in the time interval (0,T’). Due to (12),
(W), € LY3(0,T; W, 12(Q)). Hence u coincides a.e. in (0, T) with a continuous func-

tion from [0, T) to W 12(Q2). We obtain the 3rd equivalent definition of a weak solution
to the IBVP (3)—(6):



Given uy € L2(Q) and f € L*(0,T; W, "*(Q)). Function u € L*(0,T; L2(Q)) N
L*(0,T; Wéi(Q)) is called a weak solution to the IBVP (3)—(6) if u satisfies the
equation

(u)y + vA,u+ P,B(u,u) = P,f, (13)

a.e. in the interval (0,T) and the initial condition

u‘tzo = Uy, (6)

where i is the value of the aforementioned continuous function at time t = 0.

We have explained that if u is a weak solution in the sense of the 2nd definition then it
satisfies the 3rd definition. The validity of the opposite implication can be verified by
means of Lemma 2.

Remark. We have shown that u coincides a.e. in (0, 7") with a continuous function from
[0,T) to Wy, 51;2(9) This, however, does not imply that u coincides a.e. in (0,7") with a
continuous function from [0, T') to W ().



(It is because (u’), is the distributional derivative with respect to ¢ of u, as a function
from (0,7 to W, *(Q), and not the distributional derivative with respect to ¢ of u, as a

function from (0, T") to W *(€2).)
As it is important to distinguish between these two derivatives, we use the different nota-

tion: while the first derivative is denoted by (u'),, the second is denoted just by u’. We
can formally write: (u’), = P,u’.

3. Existence of a Leray—Hopf weak solution to the Navier—-Stokes IBVP (3)-(6)

Theorem 1 (Leray 1934, Hopf 1951, et al). There exists at least one weak solution
u of the Navier—Stokes IBVP (3)—(6). The solution satisfies the energy inequality

t
(. |\2+2y/ IVu(., ) 2dr < ]|u0\|2+2/<f(7'),u(.7)>0 dr (17
0

forallt € 0,T), and
lim [ju(.,t) — wls = 0. (18)

t—0+




4. Principles of the proof of Theorem 1

Recall that A, is a self-adjoint positive operator in L2(Q2). Assume in this section, for
simplicity, that domain 2 is bounded and Lipschitzian. Then Wéz(Q) —— L2(Q).
Consequently, A, is an operator with compact resolvent.

In this case, the spectrum of A, consists of an increasing sequence of infinitely many
isolated positive eigenvalues, each of whose has a finite multiplicity. (See Lemma 10 in
Lecture 2.) The eigenvalues can be ordered to a sequence

A< A < A3 <N <L

so that each eigenvalue \ appears in the sequence as many times, as is the multiplicity of
A. The corresponding eigenfunctions

P11 P2, P3y ---

can be chosen so that they form a complete ortho-normal system in L2 ().

Forn € N,put V,, := L{p4, ¥, - .., p,,} (the linear hull of o, s, ..., ¥,).



1) Galerkin’s approximations

For n € N, let us construct an approximation u,, in the form u,(t) = Z a;(t) ¢
so that u,, satisfies

% (u,, W)y + V(Aaun, ) -+ <73 B(u,,u,), W>O (Pof,wW)o, (19)

for all w € V,,. This is equivalent to

d
a (an, ;)2 + V(A Uy, QOZ) <P B(u,,u,), 901>Og (Pof, ‘Pz>00

for: =1,2,...,n. Using the ortho-normality of ¢, ¢,, 3, ... and the identities
Asu, = Z?zl ;@ = 2?21 iy ,, we obtain

&; + via; + Z ar o (PeB(er. 1) @i)y, = (Pof idoo  fori=1,2,....n
k=1
(20)

This is a system of n ODE’s for the unknown coefficients a1 (t), ..., a,(t). The system
1s solved with the initial conditions

OéZ(O) - (u0a¢i)2 1= 1,...,’)”L. (21)



2) A priori estimates and existence of the Galerkin approximation u,,

Multiply i—th equation by ; and sum for: =1,...,n

dt : ZQ +y2m Zn;ai@gf, )0, = <P0f,i;ai¢i>o’g
;O@‘% Lo
= c||f]|_12 _<§;aiV¢i,Zn;ajV¢j)2]§

|\ p=
— c||f||-12 _iiaiajmaui,uj)r = c|/f||_12 [ia?&]é

Li=1 j=1

S HPUfH—l,2;a

< CHfH—l,zuvzoﬁ% ,
i=1

n
1% C
< 23 Rt R,
i=1

where ¢ = ¢(€2). Integrating from 0 to ¢ and multiplying by 2, we get



n t n t n

S () + v / S M) dr < e / £2,, dr + 3 a2(0),

i=1 0 =1 0 i=1

n t n t

a4y [ Yonedr)dr < 0 [P dre ulh @)
i=1 0 ;=1 0

t t
I (I + v / V()2 dr < ¢ / 11215 dr + [luol2 23)

One can deduce from these estimates that the initial-value problem (20), (21) has a solu-
tion oy, ..., o, on (0,7). The solution satisfies inequality (22) for all t € (0,7"). Hence
the approximate solution u,, satisfies inequality (23) for all t € (0,7)).

Note that returning to the first line on the previous page, we also obtain

d 1
dt 2

t t
a0l +20 [ IVa Ol dr < 2 [ (P, dr+lulh @

a2 + v [Vuallz = (Pof, ),



3) Convergent subsequences of {u, }

Inequality (24) provides uniform estimates of u,, in L>(0,T; L2(2)) and in L*(0,T;
Wég(Q)) Hence there exists a sub—sequence of {u,} (denoted again by {u,}) and
u € L=(0,T; L2(Q)) N L*0, T; W5 (€)) such that

u, — u weakly—* in L>(0, T; L2(Q)), (25)
u, — u weakly in L2(0, T; W72(2)). (26)

In order to proceed, we shall also need an information on a strong convergence of the
sequence {u, } in some space. Recall the equation

d
e (Wn, W)2 + v (Aguy, ) + (P, B(uy, u,), w>0 (Pof,W)o, (16)
for all w € V,.. As we already know that u,(t) = >, &;(t) ¢, exists, as a function
from (0,7) to V,, at all points ¢ € (0,7"), we can also write equation (19) in the form

(um W)Q + V(Aauna W)2 + <P08(un7 un)a W>0,a = <ng, W>0,a- (16)

Since V,, — Wéi(Q) — L2(Q) — WO_;Q(Q) we may also treat u,, as an element of
W, 12(Q). Its norm can be estimated:



[, Whoo| | (11, W)o|

Huanl,Q;a = sup Sup
weW7(Q), w0 1wl 2 weW2(Q), w0 [wl]1,2
(11, W)o| | (— A, — PoB(uy, u,) + Pof, w), |
= sup @ @—F— = sup :
wev,,, w#0 HWHLQ wey,,, w#0 HWHLZ

< JAsun|[-12;0 + [|PeB(n, wp)||—12;0 + | Pofl|-12:0
= [ Asun|[-12;0 + [[PoB(un, wp)||-12;6 + [|Pof|-12:0
< [Vuglla 4 ¢ |[Blug, ap)||-12 4 [[£]] 12
< IVanlz + e[V 3 5 + ¢ [£]|-1.2.

(The estimate of || B(u,, u,)||—12 holds due to (11).)

From this, we observe that the sequence {1, } is uniformly bounded in the space
LY3(0,T; Wo ().



The next lemma is often called the Lions—Aubin lemma. (See e.g. Lions [7] or Temam

[10].)

Lemma 3. Let X, X, X be three Banach spaces such that Xy and X, are reflexive
and Xg —>— X = X . Let 0 < T <00, 1 < <0, 1 < ay < oo. Denote

Yy = {z € L%(0,T; Xq), z € L(0,T; Xl)}

the Banach space with the norm ||z||y = ||z zeo(0,7:%,) + |2l 201 0.7 %,)-
ThenY < L*(0,T; X) (i.e. the injection of Y into L**(0,T; X) is compact.

We use the lemma with Xy = W7 (Q), X =L2(Q), X; = W, *(Q), a0 =2, a1 = 4.

As {u,} is a bounded sequence in Y, it is compact in L*(0, T'; L2(2)). Hence there exists
a sub—sequence (denoted again {u, }) that, in addition to (25) and (26), satisfies

u, — u  strongly in L*(0,T; L2(Q)). (27)



4) Verification that u satisfies equation (15)

Equation (19) means that

T
/ /[—un-wf}—H/Vun:Vw19+un-Vun-W19] dx dt
0 Jo

T
_ / (Pot,w), 0 dt + 0(0) /Q - w dx (28)
0

forall w = w(x) € V,, and all ¥ = J(¢t) € C3°([0,T)). Particularly, (28) also holds for
all w € V,,, where m < n. Assume, for a while, that w € V,, is fixed. Using all the

types (25), (26), (27) of convergence of u,, to u, one can pass to the limit (for n — c0) in
(28) and show that

T
/ /[—u-wﬁ—l—uVu:Vwﬁ—l—u-Vu-wﬁ]dxdt
0o Jao

T
= [ty 0 d00) [ wwdx 29)
0 ’ Q

for all w = w(x) € V,, and all ¥ = ¥(t) € C;°([0,7T)). Passing now to the limit for
m — oo, we deduce that (29) holds for all w € Wéi(Q) and all functions 9. Now, it is
equivalent to (15).



5) The energy inequality
Recall the inequality (24):

t t
(O +20 [ IVu )l dr < 2 [ (P, dr -+l

The limit of the right hand side (for n — 00) is

t t
_ 2/0 (Pot(r) )y, dr + Jugl3 = 2/0 (£(r),u), dr + [[ugll2

The limit inferior of the left hand side (for n — o0) is

t
> a3+ 2 / V(7|3 dr.

This yields the energy inequality

(@l +2v [ IVu@IEdr < ful+2 [ (£, u(), dr

(17)



6) The strong right .?—continuity of u at time ¢ = 0

The energy inequality implies that

lim sup [lu(t)]; < [lulf3.
t—0+

On the other hand, as u is weakly continuous from [0, T') to L2(£2), we have

. 2 - 2
hg(glf [a(®)llz = [Juollz

These inequalities yield

. 2 2
Jim u(t)3 = [luoll3.

This identity, together with the weak L>—continuity, enable us to conclude that

. o 2:
Jim [u(t) — w3 = 0

It means that u(t) — ug in L2(2) for t — 0+.
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