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1. Some function spaces

Let ) be a domain in R3. We denote vector functions and spaces of vector functions by
boldface letters.

e C3°,(12) ... the linear space of all infinitely differentiable divergence—free vector func-
tions in €2 with a compact support in 2,

e L2() ... the closure of C§°, in L*(Q),

o Wy (Q) := Wy (Q) N L2(9),

o W,,*(Q) ... the dual to Wy2(€),

® (., )00 - the duality between elements of W, 12(Q) and Wéi(ﬂ)

Important properties of L2 (). 1) Functions from L2() have the divergence (in the
sense of distributions) equal to zero in §).

Proof. Let us denote by ((., .))q the action of a distribution in €2 on a function from
C5°(€2) or CF(2). Let v € L3(£2). Then there exists a sequence {v,,} in C§,(£2), such



that v,, — v (for n — co) in the norm of L?(Q2). Let » € C§°(£2). We have

<<divv,g0>>Q = —<<V,Vg0>>Q = —/V-Vg& dx = — lim v, - Ve dx
9)

n—oo 0

= lim divv, pdx = 0.

n—o00 [9)

2) Functions from L2(Q) have the normal component on 02 equal to zero in a certain
generalized sense of traces.

The explanation follows from the next lemma, see [2] or [3]:

Lemma 1. Let Q be a locally Lipschitz domain in R® and L3 (Q) = {v €
L*(Q); divv € L*(Q)}. There exists a continuous mapping v, : L (Q) —
W=122(0Q) such that v,(v) = v - n‘m forv € C=(Q).

3) LZ(Q) can be identified with a subspace of W 12(Q) so that for v € L2(Q) and
W € Wéz(Q) we put (V, W), ‘= (v, W)a. Then Wéi(Q) — L2(Q) — WO_}IQ(Q)



The Helmholtz decomposition of L2((2).

Lemma 2. Let Q) be any domain in R3. Then
L2(Q)" = Go(Q) := {w e L*(Q); w = Vi for some p € I/Vllof(Q)}

C tly,
onsequently L*(Q) = L2(Q) @ G(9),

where L2(Q) and G2(Q) are closed orthogonal subspaces of L*(1Q).

Proof. Only the inclusion D. (See e.g. [2] or [3] or [6] for the opposite inclusion.) Thus,
in order to show that L2 ()1 D G»(2), assume that V¢ is an arbitrary element of G?(2).
We want to show that Vo € L2(Q)+, which means that (v, V), = 0 for all v € L2(Q).
As C3,(9) is dense in L2 (), it suffices to show that (v, V), = 0 for all v e C§,(Q).
Thus, let v € C§,(€2). Then we have

(V,Vg@)gz/v-Vgodx:/(V-n)gpdS—/(divv)godX:O.
Q o0 Q




Denote by P,, respectively @Q,, the orthogonal projection of L?(£2) onto L2 (€), respec-
tively Go(€2). Projection P, is often called the Helmholtz projection.

Remark. Let v € L%(Q). The Helmholtz decomposition of vis: v = P,v + Vo,
where ¢ 1s a weak solution of the Neumann problem

9
on

A weak solution: function ¢ € D1?(Q), satisfying

Ap =divv in ), =v-n onoJf2. (1)

/ng%V@b dx = /V-Vw dx for all 1) € D'?(Q).
) Q

(D'%(Q2) denotes the homogeneous Sobolev space {w € L, .(Q); Vw € L*(Q)} with the
norm ||w|| pr2iq) == || Vwl2.)

Remark. The analogous Helmholtz decomposition L?(£2) = LZ(Q2) & G,(2) (for 1 <
q < 00) is possible <=> the Neumann problem (1) has a weak solution ¢ in D}4(Q)) :=
{we L (Q); Vw e L{(Q)} forany v € LI(Q).

loc



2. The Stokes problem

Let 2 be a domain in R? and 7' > 0. We denote Q7 := Q x (0,7) and I'r := 9Q x (0, 7).

The non-steady Stokes initial-boundary value problem. Given functions f (in ()7)
and ug (in €2). The problem consists of the equations

ou+Vp = vAu+f in Qr, (2)

divua = 0 in Qr, 3)

the boundary condition
u=20 on 'y (4)

and the initial condition

u = ug in 2 x {0}. 5)
Equation (2) follows from the Navier—Stokes equation if we neglect the nonlinear term
u-Vu.

Here, we do not specially deal with the non—steady Stokes problem, because we shall
discuss in greater detail the non—steady Navier—Stokes problem in next lectures.



The steady Stokes boundary value problem. Given function f (in €2). The problem
consists of the equations

—vAu+Vp = f in €, (6)
diva = 0 in €2, (7)

and the boundary condition
u=20 on 0f). (8)

We shall at first deal in greater detail with the steady problem (6)—(8).

A weak formulation of the steady Stokes problem (6)—(8). Let f € W (1,2(9) Func-
tionu € Wéi(Q) is said to be a weak solution of the problem (6)—(8) if

v(Vu,Vw)y, = V/Vu :Vwdx = (f,w)g,  forallw GWéi(Q) 9)
0

Note that (9) formally follows from (6)—(8) if we multiply equation (6) by w and integrate
in €).



3. Operator A,

Define a linear operator A, : W(l,i(Q) — W, 12(2) by the equation

(Asv,W)o, = (Vv,Vw)y  forallw € Wéi(ﬂ)

Now, we can write equivalently (9) in the form
vA,u = £,

which is an equation in W L2Q).

Basic properties of operator A,:

Lemma 3. D(A,) = Wy(Q)

(This follows directly from the definition of A,.)

(10)



Lemma 4. Operator A, is 1-1.

Proof. Denote by N(.A,) the null space of operator .4,. We need to show that N(.A,) =
{0}. Thus, let v € N(A,). Then

(Vv,Vw); = 0 forall w € Wéi(Q)

The choice w = v yields: ||Vv]|s = 0, which implies that v = 0.

Lemma 5. Operator A, is bounded.

Proof. The boundedness of .4, (as an operator from Wéi(ﬂ) to W 12(Q) follows from
these identities and inequality:

[ (Asv, W>0,a| . [(Vv, Vw),|

sup
1.2 weW2(Q), w£0 w12

AoV 12 = sup

< [Vl
weW2(Q), w0 | w




Lemma 6. The range of A, need not be generally the whole space W ;Q(Q)

Proof. Operator A, is closed because it is a bounded operator and its domain is the whole
space Wéi(Q) Hence A ! is also closed.

By contradiction: Assume that R(A,) = D(AJ') = W, 12(Q). Then operator A" is
bounded (by the closed graph theorem).

Choose z,, € Wég(ﬂ) so that ||Vz,|| — 0 and ||z,|[» — 1. (This choice is possible
e.g. if Q) is an exterior domain or 2 = R3.) Let f, € W, (172(9) be defined by the equation

£, W)oo == (V2zp, VW)2 + (2, W)3 forall w € Wég(Q)
Then {f,} is a bounded sequence in W 12(Q). Putu, := A;'f,. It means that f, =
Aoy Henee ¢ 5y, = (Vu,, Vw)y  Yw € WLA(Q),
The last two equations (with w = z,, yield

(Vzn, Vzp)o + (20, 20)2 = (Vu,, Vz,)e < [[Vu,l2 ||Vz, ]2

The left hand side tends to one, while the right hand side tends to zero (for n — o0). This
1s the contradiction.



Lemma 7. The range of A, need not generally contain L2 ().

Proof. Assume, by contradiction, that L2(Q) C R(A,). Denote by A, the restriction
of A, to A;(L2(2)). In other words: D(4,) = {v € W;3(Q); A,v € L2(Q)} and
Ayv = A,v forv € D(A). Obviously, R(A,) = L2().

Then D(A;?) = L2(Q) and R(4;') = D(A,) C Wy (Q).
Let us at first show that A ! is closed, as an operator from L2 () to Wéi(ﬂ) In order to
prove this, assume that {f,} and {v, } are sequences in L2({2) and Wég(Q), respectively,

such that f, — f in L2(Q), v, — v in Wy2(Q) and v,, = A;'f,. We want to show that
v = AJlf, i.e. A,v = f. However,

f, >f nL(Q) = f,—>f in W, *(Q),

and we obtain v = A_'f (which equals A, 'f) due to the closedness of the operator A
from Wa}jQ(Q) to Wéi(Q)

As a closed operator, defined on the whole space L2(€2), A ! is bounded from L2(Q) to
Wég(Q) (by the closed graph theorem).



Choose {f,,} in Wéi(Q) so that ||f,|[s — 1 and ||Vf,||2 — 0. (A sequence with these
properties exists e.g. if € is an exterior domain or ) = R?.)

Put v, := A 'f,. Then A,v, = f,, i.e. A,v, = f,, which means:
(Vvp, Vw)y = (£, W), = (£, W)2 for all w € W(l)i(Q)
Using this with w = {,,, we get
1£a]l3 = (Vv VE)2 < [[VValla [VEf2.

The left hand side tends to 1 (for n — 00).

The right hand side tends to 0, because ||Vf,|2 — 0 and the sequence {v,} is bounded

in W2 () (because {f,} is bounded in L2 () and operator A" is bounded from L2 ()
1,2

to Wy, (€2)).

This is a contradiction.



Domain and range of operator A, :

14 /27



The special case of W, 12(Q) = R(A,)
a bounded domain 2: 7

D(A,) = Wg2(9Q) -
1g.

Lemma 8. If ) is bounded then R(A,) = W, i (9))

Proof.  Since (2 is bounded, the scalar product (Vv, Vw), is equivalent to the scalar
product (v, w); ¢ in Wéi(Q) Hence, given f € Wo_,(lj’z(Q), there exists v € Wég(Q)
such that (f, w)o, = (Vv,Vw), forall w € Wéi(Q) (by the Riesz theorem). It means
that f = A, (the identity in W ().

Corollary 1. If Q is bounded then A" is bounded from W, L2(Q) 1o Wég(ﬂ)



4. The Stokes operator A,

L3()

Fig. 3

D(4,) € Wo,()

Denote by A, the part of operator A, with the range R(A,) N L2(Q). Thus, A, is the
restriction of A, to

D(4,) = {ue Wy (Q); Auel(Q)} = A [R(A,) NLA(Q)).

Operator A, is an operator in L2 (). It is often called the Stokes operator. We will treat
it as an operator in L2 (2), i.e. the operator from L2 () to L2(12), with the domain D(A,)
and range R(A,), both subsets of L2((2).



Some properties of operator A,: (see, e.g., [6])

Lemma 9. A, is a I-1 positive and self-adjoint operator in L2((Q).

Proof. 1) A, is 1-1, because it is a restriction of A,, which is 1-1.
2) Operator A, is positive, because for all v € D(A,), v # 0, we have
(A;v,v)y = (Vv,Vv)y = |[Vv]35 > 0.
3) We prove that operator A, is closed. Let {v,,} and {f,} be sequences in D(A,) and
L2 (), respectively, such that A,v,, = f, and v,, — v, f, — f in the norm of L2(2).

In order to show that A, is closed, we need to show that v € D(A,) and A,v = f. The
equation A,v, = f,, means that

(VVa, VW)y = (£, W)y = (£, W)y  forallw € WyZ(Q). (11)
Ifwe Wéi(Q) N W22(Q) the the left hand side equals

—(Vp, AW)s — —(v,Aw)y = (Vv,Vw), for n — oc.



The right hand side of (11) tends to (f, w)s (for n — co). Hence
(Vv,Vw)y = (f,w)y for all w € W(l)g(Q) NW243(Q).
As W2(Q) N W22(Q) is dense in W5 (Q2) the identity (Vv, Vw), = (f, W), holds for

all w € W(l)?,(Q) This shows that v € D(A,) and A,v = f. Thus, we have proven that
operator A, is closed.

4) Let us now show that operator A, is symmetric: let v, w € D(A,) (which is dense
in L2(€2)). Then we have

(A,v,w)e = (Vv,Vw)y, = (Vw,Vv)y = (A,w,V)s = (v, A,W)s.

5) Since A, is a closed, positive and symmetric operator in L2 (), A, is self-adjoint.
(See e.g. [4, Theorem V.3.16] or [1, Theorem 4.1.7].)

Lemma 10. The spectrum of A, is a closed subset of the real axis. Moreover, if domain
Q is bounded then the spectrum of A, consists of an increasing sequence of infinitely
many isolated positive eigenvalues \i, o, ..., such that lim,_,,, A\, = oo. Each of
the eigenvalues has a finite geometric multiplicity and corresponding eigenfunctions
can be chosen so that they form a complete orthonormal system in L2 ().




Proof. 1) The spectrum of A, is a closed subset of the real axis, because operator A, is
symmetric.

2) We need to show that for each A € p(A,) (the resolvent set of A,), the resolvent
operator (A, — AI)~!is compact in L2(2). Then the statements

e the spectrum of A, consists of an increasing sequence of infinitely many isolated eigen-
values A1, Ao, Az, ...,

e cach of the eigenvalues has a finite geometric multiplicity,

e corresponding eigenfunctions can be chosen so that they form a complete orthonormal
system in L2(Q)

follow from the spectral theorem for self-adjoint compact operators (or self-adjoint op-
erators with compact resolvent), see e.g. [1] or [4] or many other books on the spectral
theory of linear operators.

The eigenvalues are positive, because operator A, is positive. Their number is infi-
nite, because the space L2(2) is infinite—dimensional. The eigenvalues {\,} satisfy
lim,, .o, A, = oo due to two reasons: a) operator A, is unbounded, or b) the eigenvalues
cannot cluster at any point of R, because they are isolated and the spectrum is closed.



Thus, let us show A, is an operator with a compact resolvent. Let A € p(A,). Then
R(A, — M) = L2(9Q) and the operator A, — AI has a bounded inverse from L2 () to
L2(9Q). Let f € L2(Q). The equation

(A, = M)v = f ... v = (A, = AXI)7'f (12)

implies that
Vil = [I(Ae = AD) " fll2 < c][f], (13)

where ¢ depends only on A. Equation (12) also means that

(Vv,Vw)s = (f,w)y+ A (v, W), for alleWéf](Q),
IVVliz = (£ v)e + A (v, v)2 < fllzlIvilz + [AIVIE < clIEl3 + A ¢ £

This, together with (13), shows that (A, — AI)~! is a bounded operator from L2 () to
Wéi(Q) Hence, due to the compact imbedding

Wi (Q) == L3(9),

the resolvent operator (A, — AI)~! is compact in L2(€2).



Lemma 11. Ifv € Wy (Q) NW?2(Q) then A,v = —P,Av.

Proof. Forv € Wy2(Q) N W22(Q) and any w € W(€), we have
(Aov, W) = (Vv,Vw); = —(Av, w)s.
Since Wéi(Q) is dense in L2 (2), we also have
(A,v+Av,w)y = 0 for all w € L2(Q).

This shows that A,v + Av 1L L2(Q) in L?(Q2), which means that A,v + Av € Go(1Q).
Hence P,(A,v + Av) = 0. Since P,A,v = A,v, we obtain: A,v = —FP,Av.

Lemma 12. If domain ) is bounded then R(A,) = D(A,;') = L2(Q) and operator
AL is bounded from LZ(Q) to W(l)?,(Q)

Proof. Since R(A,) = WaiQ(Q) (see Lemma 8) and L2(Q) C W&}T’Q(Q), we have
R(A,) = L2(2). (See also Fig. 2.) Hence D(A;1) = L2(2). We have shown in the




proof of Lemma 7 that in this case, the operator A ! is closed, as an operator from L2 ()
to W2 (Q). The boundedness of A;' from L2(Q2) to W72(Q2) now follows from the
closed graph theorem.

Lemma 13. If Q is a bounded domain with the boundary of the class C* then
D(4,) = Wya(Q) N W?2(Q), A, = —P,A and

[ulloz < cf[Asullz (14)

forallu € D(A,).

Constant ¢ in Lemma 13 depends only on domain ().

Lemma 13 shows that if {2 is a bounded “smooth” domain then operator A, has the so
called maximum regularity property. This is a deep statement, see e.g. [2] or [5] or [6]
for the proof.




5. More on the steady Stokes problem

A weak solution. Letf € W 12)(Q). We already know from subsection 3 that the
steady Stokes problem (6)—(8) is equivalent to the equation

vAu = f (10)

in the space W, 12(Q). A solutionu € Wéi(ﬂ) of equation (10) is called a weak solution
(of the steady Stokes problem (6)—(8)).

e If a solution exists then it is unique. (See Lemma 4.)
e However, equation (10) generally need not have a solution. (See Lemma 6.)

e On the other hand, if domain €2 is bounded then the solution u € Wéi(ﬂ) exists for
any f € Wa}f(Q) (See Lemma 8.)

An associated pressure. Recall that equation (10) is equivalent to

v(Vu,Vw), = V/Vu :Vwdx = (f,w)g, for all w € Wéz(Q) 9)
0



Thus, if we consider only w € C§°,(€2) in (9), we can also write (9) in the form
<<yAu +f, W>>Q = 0.

This equation shows that the distribution #Au + f vanishes on all functions from C{°({2)
that are divergence—free. The next lemma tells us which form has such a distribution.

Lemma 14. Let F = (Fy, Fs, F3), where F; (i = 1,2, 3) are distributions in ). Then
F has the form ¥ = Vp (where p is a distribution in €} and Vp is the distributional
gradient) if and only if (F,w))q =0 forall w € C§,(Q2).

The lemma coincides with Proposition I.1.1 in [7]. It comes from G. De Rham.

Applying Lemma 14 with F = vAu + f, we deduce that there exists a distribution p in 2
such that
vAu+f = Vp.

This equation formally coincides with the steady Stokes equation (6). Here, it is satisfied
in the sense of distributions in 2. Distribution p is called an associated pressure.



A strong solution. If f € L2(Q) then the steady Stokes problem is equivalent to the
equation
vAs,u = f, (15)

which is now an equation in L2(£2). A solution of this equation is called a strong solution.

Concerning the existence and uniqueness of a strong solution, the situation is similar as
in the case of a weak solution:

o As R(A,) generally does not cover the whole space L2 () (see Fig. 3), equation (15)
is not always solvable.
e [f a solution exists then it is unique.

(This follows from the facts that A, is a restriction of 4, and operator A, is 1-1, see
Lemma 4.)

o If domain Q is bounded then R(A,) = L2(Q), which means that equation (15) is
solvable for any £ € L2().

(The identity R(A,) = L2(Q) follows from Lemma 8 and Fig. 2.)



o If domain Q) is bounded and its boundary OS) is of the class C? then the solution u
of equation (15) lies in W(l)g(Q) N 'W?22(Q). In this case, equation (15) can also be
written in the form

—vP,Au = f. (16)

Since f is now supposed to be from L2 (), it satisfies f = P,f. Hence equation (16) is
equivalent to
PJ(I/Au + f) = 0,

which is an equation in L2(€2). Due to the validity of the Helmholtz decomposition of
L2(£2) (see subsection 1), there exists Vp € Go(€2) such that

vAu+f = Vp,

which is again the steady Stokes equation (6). Now, it is an equation in the space L?(12).

We observe, that under the formulated assumptions on f and €2, the associated pressure
pis a function from Lj (€2), such that Vp € L?(2). The estimate (14) can be extended
so that it also involves Vp:

[allz2 +[[VPll2 < cllf]l2. (17)
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