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1. A bit of history

Beginnings:
Aristoteles (384–322 B.C.), Archimedes (287–212 B.C.), Pascal (1623–1662), etc.

An important milestone: discovery of calculus (17th–18th century)
Newton (1642–1727), Bernoulli (1700–1782), Euler (1707–1783), etc.

18th–19th century:
Equations of motion of ideal and Newtonian fluids, first attempts to find solutions, sim-
plified models. (Euler, Navier, Stokes, Prandtl, Reynolds and many others.)

20th–21st century:
Intensive analysis of the models, development, analysis and application of numerical
methods, new models (fluids with more complicated rheologies).

3 / 31



2. Fluid and its kinematics, incompressible and compressible fluid,
the rate of deformation tensor

The fluid is supposed to be a continuum, which means that the domain it occupies does
not contain sets of Lebesgue measure zero and positive mass.

Eulerian description of fluid motion:
u(x, t), ρ(x, t), p(x, t), θ(x, t) . . . the velocity, density, pressure, temperature at point
x and time t

Lagrangian description of fluid motion:
X(t; t0,x0) . . . position (at time t) of a particle, whose position at time t0 was x0

u(x, t) =
∂

∂t
X(t; t0,x0), where x = X(t; t0,x0)

Lagrangian derivative with respect to t: Dtq(x, t) ≡
d

dt
q(x, t)

:=
d

dt
q
(
X(t; t0,x0), t

)
=

∂

∂t
q
(
X(t; t0,x0), t

)
+ u(x, t) · ∇q

(
X(t; t0,x0), t

)
.
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An important tool for further studies: Reynolds’ transport formula

V (t)

u

d

dt

∫
V (t)

q dx =

∫
V (t)

(
∂q

∂t
+ div (qu)

)
dx

=

∫
V (t)

(
∂q

∂t
+

∂

∂xj
(quj)

)
dx (1)

A concrete motion of the fluid is called a flow.

A flow is said to be incompressible if all parts of the fluid preserve their volume.
Using Reynolds’ formula with q = 1, we get

0 =
d

dt
vol(V (t)) =

d

dt

∫
V (t)

dx =

∫
V (t)

divu dx.

From this, we observe that a necessary and sufficient condition for flow u to be incom-
pressible is: divu = 0. (2)
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A fluid, whose each flow is incompressible, is said to be an incompressible fluid.

Tensor of deformation (the strain tensor):

S :=
(
∇s
)
sym

+
1

2
(∇s)T · (∇s) =

1

2

[
∇s + (∇s)T + (∇s)T · (∇s)

]
,

where s ≡ (s1, s2, s3) is the vector of deformation and ∇s = (∂isj)i,j=1,2,3.

Hence S = (sij)i,j=1,2,3 = 1
2

[
∂isj + ∂jsi + (∂jsi)(∂isj)

]
i,j=1,2,3

.

Tensor of velocity of deformation (rate of deformation tensor, rate of strain tensor):
Vector of deformation of the fluid in a “short” time interval [t, t + τ ]: s = uτ . The
corresponding tensor of deformation depends on τ :

S(τ) =
(
∇u
)
sym

τ +
1

2
(∇u)T · (∇u) τ 2.

The derivative with respect to τ at the point τ = 0 yields the rate of deformation tensor:

D :=
(
∇u
)
sym

=

 ∂1u1,
1
2 (∂1u2 + ∂2u1),

1
2 (∂1u3 + ∂3u1)

1
2 (∂2u1 + ∂1u2), ∂2u2,

1
2 (∂2u3 + ∂3u2)

1
2 (∂3u1 + ∂1u3),

1
2 (∂3u2 + ∂2u3), ∂3u3

 .
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3. Acting forces, the stress tensor

The volume force: Fvol :=

∫
V (t)

ρf dx,

where f is called the specific volume force. (It is the volume force, related to the unit of
mass.)

The surface force: Fsurf :=

∫
∂V (t)

T · n dx,

where T is the so called stress tensor and n is the outer normal vector field. This expres-
sion of Fsurf comes from A. Cauchy (1789–1857).

The structure of T:
T =

 τ11, τ12, τ13
τ21, τ22, τ23
τ31, τ32, τ33

 ,

where τij can be interpreted as the i–th component of the force with which the fluid acts
on a unit planar surface, oriented by its normal vector in the direction of the xj–axis.
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Thus, the vector τ j :=

 τ1j
τ2j
τ3j

 (= the j–th column in tensor T)

is the force with which the fluid acts on a unit planar surface, whose normal vector shows
the direction of the xj–axis.

A. Cauchy also proved that the stress tensor is symmetric, which means that τij = τji for
all i, j = 1, 2, 3. (Consequently, T = TT .)

Finally, applying the Gauss divergence theorem, we obtain

Fsurf =

∫
V (t)

divT dx

(
=

∫
V (t)

[
∂1τ 1 + ∂2τ 2 + ∂3τ 3

]
dx

)
.
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4. Constitutive equations, Stokesian fluid

Constitutive equations: specify relations between the stress tensor and other quantities,
typically (in the fluids) the dependence of the stress tensor and the rate of deformation
tensor.

Stekesian fluid: the stress tensor satisfies these postulates:

a) the stress tensor T depends on velocity and its derivatives only through the rate of
deformation tensor D,

b) the stress tensor T does not explicitly depend on position x and time t,

c) the continuum is isotropic, i.e. it contains no preferred directions,

d) if the fluid is at rest then T is a multiple of the identity tensor I by a scalar.

Note that postulates a)–d) admit the explicit dependence of T on the so called state quan-
tities ρ (density), p (pressure) and θ (temperature).
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Tensor T may vary from point to point and from time to time. However due to postulate
b), T depends on x and t only through D, ρ, p and θ.

Postulate c) follows from a more general condition:

c’) the way tensor T depends on tensor D is frame indifferent.

Lemma 1. Postulate d) follows from postulates a), b), c’).

Proof. Denote by F(D) the dependence of T on D: T = F(D).

If we identify T and D with 3 × 3 matrices in the orthonormal basis e1, e2, e3 and if
we denote by T′ and D′ the 3 × 3 matrices which represent the same tensors in another
orthonormal basis e′1, e

′
2, e

′
3, then

T′ = Q T QT and D′ = Q D QT ,

where Q is the unitary matrix of transition from the basis e1, e2, e3 to the basis e′1, e
′
2, e

′
3.

Then
T′ = Q F(D) QT .
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Condition c’) implies that T′ depends on D′ in the same way as T on D, which means that
T′ = F(D′) = F(QDQT ). Hence

F(D) = T = QT T′Q = QT F(D′)Q = QT F(QDQT ) Q. (3)

If the fluid is at rest then D = O and (3) therefore yields

F(O) = QT F(O) Q.

This identity holds for every unitary matrix Q. Hence F(O) is the so called isotropic
tensor. Thus, F(O) is a scalar–multiple of the identity tensor. This verifies the fourth
Stokes’ postulate d). �

The pressure. The dynamic stress tensor. Let the fluid be at rest. Since F(O) is a
scalar multiple of tensor I, there exists a scalar factor −p such that F(O) = −p I.
Calculating the traces of the terms in the equation T = −p I, we get

p = −1
3 (τ11 + τ22 + τ33) = −1

3 TrT. (4)

If we extend the hydrostatic concept of pressure to moving fluids then, however, formula
(4) is not generally true. Nevertheless, in every moving Stokesian fluid, we have
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T = F(D) = F(O) + [F(D)−F(O)]. This equation can be written in the form

T = −p I + Td (5)

where Td = F(D) − F(O). The symmetric 2nd order tensor Td is called the dynamic
stress tensor. It follows from (5) that

p = −1

3
TrT +

1

3
TrTd.

G. R. Kirchhoff, coming from the molecular–kinetic theory of gases, showed that the
appropriate formula, which generalizes (4), is

p = −1
3 (τ11 + τ22 + τ33) + µ′ divu ≡ −1

3 TrT + µ′ divu. (6)

µ′ . . . the coefficient of volume viscosity, or the coefficient of the bulk viscosity.

As a consequence of the 2nd law of thermodynamics, µ′ ≥ 0.

If a considered fluid is incompressible then divu = 0 and (6) formally yields the same
expression of p as (4).

Note that (5) and (6) yield
TrTd = 3µ′ divu. (7)
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Theorem 1 (the general form of Td in a Stokesian fluid). In a Stokesian fluid, the
dynamic stress tensor Td has the general form

Td = α I + β D + γ D2, (8)

where the coefficients α, β and γ may depend on ρ, p, θ (density, pressure, temperature)
and on the principal invariants I1, I2, I3 of tensor D.

Recall that a scalar function I , depending on tensor D, is called an invariant of D, if
its value does not depend on the choice of an orthonormal basis, in which the tensor is
expressed.

Examples. 1) The trace of a 2nd order tensor A is an invariant: let A = (aij) be the
representation of the tensor in the orthonormal basis e1, e2, e3 in R3, let e′1, e

′
2, e

′
3 be

another orthonormal basis and let Q = (qij) be a unitary matrix of transition from the
first basis to the second basis. Then, if we denote by A′ = (a′ij) the representation of the
tensor in the second basis, we have

A′ = QAQT , which means that a′ij = qik akl q
T
lj = qik akl qjl.
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Hence

TrA′ = a′11 + a′22 + a′33 = a′ii = qik akl qil = δkl akl = akk = TrA.

We have shown that TrA is an invariant of tensor A.

2) One can similarly show that if A is a second order tensor then TrA2, TrA3, etc., are
also invariants of tensor A.

3) Let A and B be 2nd order tensors, whose representations in the orthonormal basis
e1, e2, e3 in R3 are A = (aij) and B = (bij). Let A′ = (a′ij) and B′ = (b′ij) be represen-
tations of the same tensor in another orthonormal basis e′1, e

′
2, e

′
3 and let Q = (qij be a

unitary matrix of transition from the first basis to the second basis. Then

A′ : B′ = a′ij b
′
ij = qik qjl akl qir qjs brs = δkr δls akl brs = akl bkl = A : B.

We have shown that the inner product A : B is an invariant of both the tensors A and B.
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Eigenvalues, principal invariants. Recall that number λ is said to be an eigenvalue of
the second order tensor A if there exists a non–zero vector v such that

(A− λI) · v = 0. (9)

It is well known that eigenvalues of tensor A are roots of the characteristic equation of A:
det (A − λI) = 0. This is a cubic equation for unknown λ, which can be written in the
form −λ3 + I1 λ

2 − I2 λ+ I3 = 0.

One can calculate that

I1 = TrA,

I2 =
1

2

[
(TrA)2 − Tr(A2)

]
,

I3 =
1

6

[
(TrA)3 − 3 (TrA) (TrA2) + 2 (Trλ3)

]
.

As all the traces are invariants of tensor A, I1, I2 and I3 are also invariants. They are
called the principal invariants of tensor A.

Since all the coefficients in the characteristic equation are invariants of tensor A, the
eigenvalues are invariants of A, too.
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A scalar function of a 2nd order tensor is a mapping which assigns to each 2nd order
tensor a number (the function value), independent of the representation of the tensor in a
concrete orthonormal basis.

Lemma 2. A scalar function of a symmetric 2nd order tensor A depends on A only
through the principal invariants of A.

Proof. Let λ1, λ2, λ3 be eigenvalues of A. They are all real, because A is symmetric.
The corresponding eigenvectors e1, e2, e3 can be chosen so that they form an orthonormal
basis in R3. Since the scalar function of A is independent of the choice of an orthonor-
mal basis in which A is represented, we may choose the basis e1, e2, e3, in which the
representation of A is  λ1, 0, 0

0, λ2, 0
0, 0, λ3

 .

From this, we observe that the function depends on A only through the eigenvalues
λ1, λ2, λ3. However, they are uniquely given by the coefficients of the characteristic
equation, i.e. by the principal invariants I1, I2, I3. �
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Proof of Theorem 1. We have:

T = F(D) = F(O) + (F(D)−F(O)) = −p I + Fd(D),

where Fd(D) = F(D)−F(O) and Td = Fd(D).

We may identify Td and D with the representations in the orthonormal basis e1, e2, e3.
Let Q be the matrix of transition from this basis to another orthonormal basis e′1, e

′
2, e

′
3.

Then the representations of the same tensors in the second basis are

T′d = QTdQ
T , D′ = QDQT .

Due to the principle of material frame indifference, we have: T′d = Fd(D′). Hence

QTdQ
T = Fd(QDQT ), which yields Td = QT Fd(QDQT ) Q.

However, since Td = Fd(D), we get:

QT Fd(QDQT ) Q = Fd(D) (10)

for every 3× 3 unitary matrix Q.
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Recall that tensor D is symmetric. Assume that e1, e2, e3 are the eigenvectors of D. The
representation of D in this basis is

D =

 λ1, 0, 0
0, λ2, 0
0, 0, λ3

 ,

where λ1, λ2, λ3 are the (real) eigenvalues of D. Consider the 3× 3 unitary matrix

Q =

 −1, 0, 0
0, 1, 0
0, 0, 1

 .

Then QDQT = D and (10) yields: QT Fd(D) Q = Fd(D).

Denote Fd(D) =

 ξ11, ξ12, ξ13
ξ21, ξ22, ξ23
ξ31, ξ32, ξ33

.

We calculate: QT Fd(D) Q =

 ξ11, −ξ12, −ξ13
−ξ21, ξ22, ξ23
−ξ31, ξ32, ξ33

.
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Hence ξ12 = ξ21 = ξ13 = ξ31 = 0.
Similarly, we can show that ξ23 = ξ32 = 0. Thus, we have

Td = Fd(D) =

 ξ11, 0, 0
0, ξ22, 0
0, 0, ξ33

 .

Suppose further, for simplicity, that λ1 6= λ2, λ2 6= λ3 and λ1 6= λ3. Let (i, j, k) be a
permutation of the numbers (1, 2, 3). Then

(D− λj I)(D− λkI)
(λi − λj)(λi − λk)

ei = ei

and (D− λj I)(D− λkI)
(λi − λj)(λi − λk)

ej =
(D− λj I)(D− λkI)
(λi − λj)(λi − λk)

ek = 0.

It means that
(D− λj I)(D− λkI)
(λi − λj)(λi − λk)

is a projection onto the straight line, passing through

the origin and oriented by vector ei.
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Consequently, each vector v = (v1, v2, v3) = v1 e1 + v2 e2 + v3 e3 in R3 satisfies

v =
(D− λ2I)(D− λ3I)
(λ1 − λ2)(λ1 − λ3)

v +
(D− λ1I)(D− λ3I)
(λ2 − λ1)(λ2 − λ3)

v +
(D− λ1I)(D− λ2I)
(λ3 − λ1)(λ3 − λ2)

v

︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸
v1 e1 v2 e2 v3 e3

and Tdv ≡ ξ11 v1 e1 + ξ22 v2 e2 + ξ33 v3 e3

= ξ11
(D− λ2I)(D− λ3I)
(λ1 − λ2)(λ1 − λ3)

v + ξ22
(D− λ1I)(D− λ3I)
(λ2 − λ1)(λ2 − λ3)

v + ξ33
(D− λ1I)(D− λ2I)
(λ3 − λ1)(λ3 − λ2)

v.

This yields Tdv = α Iv + β Dv + γ D2 v = (α I + β D + γ D2)v,

where the coefficients α, β, γ can be explicitly evaluated in terms of λ1, λ2, λ3, ξ11, ξ22
and ξ33. The coefficients are scalar functions of the symmetric tensor D. Thus, they
depend on D only through the principal invariants I1, I2, I3 of tensor D. Naturally, they
may also depend on ρ, p and θ.

Since v is an arbitrary vector in R3, we obtain formula (10). �
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5. Basic types of Stokesian fluids: ideal and Newtonian

Ideal fluid. The fluid is called ideal or non–viscous or inviscid or perfect if Td = O and
consequently, the stress tensor T has the form

T = −pI. (11)

Newtonian fluid. The fluid is said to be Newtonian if the dynamic stress tensor Td

depends linearly on the rate of deformation tensor D. Then the coefficient γ in (8) is zero
and (8) reduces to

Td = α I + β D, (12)

where α and β may depend on the state variables ρ, p and θ. As Td should depend
linearly on D, β must be independent of D and α may depend linearly on D through its
first invariant I1 ≡ TrD ≡ divu.

Calculating the traces of the tensors on both sides of (12), we obtain

TrTd = 3α + β TrD = 3α + β divu.
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Comparing this with TrTd = 3µ′ divu, (7)

we obtain 3µ′ divu = 3α + β divu.

Expressing α from this equation and substituting it back to (12), we get

Td =
[
(µ′ − 1

3 β) divu
]
I + β D. (13)

����������������������������������������������

-

-

-

-

-

6

S

6
n

x1

x3

u1(x3)
In order to assign a physical meaning to β, con-
sider the flow on the picture. Here, u = (u1, 0, 0),
where u1 = u1(x3). Newton’s law: the x1–
component of the force, acting onto a surface S,
parallel with the x1, x2 –plane and oriented in the
direction of the x3–axis, related to the unit area of
the surface, is proportional to du1/dx3.

The coefficient of proportionality . . . µ . . . dynamic coefficient of viscosity. The consi-
dered x1–component of the force coincides with the component τd13 of tensor Td.
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Thus, τd13 = µ
du1
dx3

.

From formula (13): τd13 = β d13 = β 1
2

(
∂3u1 + ∂1u3

)
=
β

2

du1
dx3

.

Hence β = 2µ. Formula (13) now yields:

Td =
[
(µ′ − 2

3µ) divu
]
I + 2µD,

T =
[
−p+ (µ′ − 2

3µ) divu
]
I + 2µD. (14)

One can deduce by means of the 2nd law of thermodynamics that µ ≥ 0.

For incompressible fluids:

Td = 2µD and T = −p I + 2µD. (15)
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6. Fundamental conservation laws, the Euler and Navier-Stokes equations
for incompressible fluids

Fundamental laws:

1) The law of conservations of mass.

2) The law of conservation of momentum.

3) The law of conservation of energy.

4) The 2nd law of thermodynamics.

The laws 3) and 4) are especially important in the theory of compressible fluids.

As we deal only with incompressible fluids in this course, we explain only the use of laws
1) and 2) in this subsection.

The law of conservation of mass (→ the equation of continuity). Let P be a part of
the fluid, occupying domain V (t) at time t. Since the mass of P does not depend on time,
we have
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d

dt

∫
V (t)

ρ dx = 0.

Thus, due to Reynolds’ formula (3) (which we use with q = ρ), we get∫
V (t)

[
∂tρ+ div (ρu)

]
dx = 0.

Due to the freedom in the choice of the control sample P of the fluid, filling domain V (t)
at time t, we obtain the differential equation

∂tρ+ div (ρu) = 0 . (16)

This is the equation of continuity. In an incompressible fluid, we have divu = 0, which
implies: ∂tρ + u · ∇ρ = 0. It would be natural co call this equation “the equation
of continuity for incompressible fluid”. However, due to historical reasons, we call the
equation of continuity for incompressible fluid the equation

divu = 0 , (2)

which coincides with the condition of incompressibility and which we obtain from (16) if
we assume that ρ is a positive constant.
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The law of conservation of momentum (→ Euler’s and Navier–Stokes equations).
Let P be a part of the fluid, occupying domain V (t) at time t. Due to Euler’s 1st law of
mechanics (= the law of conservation of momentum), we have

d

dt

∫
V (t)

ρu dx =

∫
V (t)

ρf dx +

∫
V (t)

divT dx.

The left hand side can be expressed by means of Reynolds’ transport formula (3):

d

dt

∫
V (t)

ρu dx =

∫
V (t)

[
∂t(ρu) + ∂j(ρuuj)

]
dx.

Comparing the right hand sides and omitting the integrals, we obtain

∂t(ρu) + ∂j(ρuju) = ρf + divT.

The left hand side can be modified by means of equation (16) so that we get:

ρ ∂tu + ρuj ∂ju = ρf + divT,

ρ ∂tu + ρu · ∇u = ρf + divT. (17)
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Each of these equations is a vectorial equation, which represents the system of three scalar
equations ρ ∂tui + ρuj ∂jui = ρfi + ∂jτij (i = 1, 2, 3).

Euler’s equation. If the fluid is ideal then T = −pI and the equation of balance of
momentum (17) takes the form

ρ ∂tu + ρu · ∇u = ρf −∇p . (18)

This is the so called Euler equation.

Navier–Stokes’ equation. If the fluid is Newtonian then tensor T is given by formula
(14) (in compressible case) or, particularly, by formula (15) (in the incompressible case).
Thus, equation (17) takes the concrete form

ρ ∂tu + ρu · ∇u = ρf −∇p+∇[(µ′ − 2
3µ) divu] + div [2µD] (19)

(in the compressible case) or

ρ ∂tu + ρu · ∇u = ρf −∇p+ div [2µD]

(in the incompressible case).
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If, in addition to the incompressibility, we assume that µ and ρ are positive constants,
divide the equation by ρ and put ν := µ/ρ (the so called kinematic coefficient of viscosity),
we obtain

∂tu + u · ∇u = f − 1

ρ
∇p+ ν∆u . (20)

Equation (19) is known as the Navier–Stokes equation for compressible fluid and equation
(20) is known as the Navier–Stokes equation for incompressible fluid.

Equations of motion of an incompressible Newtonian fluid. Let us further focus on
incompressible Newtonian fluids. The system of equations of motion consists of equa-
tions (2) (condition of incompressibility ≡ equation of continuity for incompressible
fluid) and (19) (the Navier–Stokes equation for incompressible fluid).

In order to simplify the equations, we usually put ρ = 1. (The system of physical units
can always be chosen so that, in the chosen system, ρ = 1.)
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Typical boundary conditions for velocity. Denote by Ω the domain in R3 where the
fluid flows, and by n the outer normal vector field on ∂Ω.

• for Euler’s equation (non–viscous fluid): the condition of impermeability: u · n = 0
on ∂Ω.

• for The Navier–Stokes equations (incompressible viscous Newtonian fluid):

a) the no–slip boundary condition: u = 0 on ∂Ω,

b) the Navier’s slip boundary conditions: u · n = 0 and [T · n]τ + γu = 0, where
subscript τ denotes the tangential component and γ is the coefficient of friction
between the fluid and the boundary.

Note that the last condition can also be written: [2µD · n]τ + γu = 0.

One can show that if γ = 0 (the so called complete slip or perfect slip) then the last
condition reduces on flat parts of the boundary (where∇n = O) to curl u×n = 0.
This condition is called the Navier–type boundary condition. It is often used (in
conjunction with u · n = 0) on the whole boundary ∂Ω.

We shall further focus on problems with the no–slip boundary condition u = 0 on ∂Ω in
this course.
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[23] M. Šilhavý: The Mechanics and Thermodynamics of Continuous Media. Springer 1997.
[24] A. M. Spencer: Continuum Mechanics. Dover Publications, Mineola, NY, 2004.
[25] G. G. Stokes: On the theories of the internal friction of fluids in motion, and of the equilibrium and

motion of elastic bodies. Trans. Cambridge Phil. Soc. 8, 1845, 287–305.
[26] R. Temam and A. Miranville: Mathematical Modelling in Continuum Mechanics. Cambridge Uni-

versity Press, Cambridge 2001.
[27] C. Truesdell: A First Course in Rational Continuum Mechanics. Vol. I, Academic Press, New York

1991.
[28] G. Truesdell and K. R. Rajagopal: An Introduction to the Mechanics of Fluids. Birkhauser 2000.

31 / 31


